Derivations

A an F—algebra (not necessary associative) with product ¢

Ax A3 (ab) — adbe A

¢ bilinear mapping, 0 is a derivation of A if 0 is a linear map A% A

satisfying the Leibnitz property:

0(A0B) = A0 (0(B)) +(9(A)) OB
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Det (A) = all derivations on A

Prop: | Der(A) is a Lie Algebra C gl(A) with commutator
[0, 71(A) = 0 (9'(A)) - 9 (9(A))
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Derivations on a Lie algebra

g a F— Lie algebra, 0 is a Lie derivation of g if 0 is a linear map:

gaxi> 0(x)

satisfying the Leibnitz property : 0([x, y]) =

Det (g) = all derivations on g

<y

[0(x), yI+1x, ()]
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Prop: | Der(g) is a Lie Algebra C gl(g) with commutator 5/“( f\°6‘4

0, (x) = 9(9'(x)) = 9 (9(x))
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Prop: |6 € Der(g) ~ 0" ([x, y]) = Y. (1) [6%(x), 6" K(y)] | L2 12

k=0

Prop: |4 € Der(g) ~ € ([x, y]) = [¢’(x),

(y)] e~ € € Aut(g)
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o(t) s ic familly in Aut(g) and ¢(0) = Id ~

mooth monoparametric familly in Aut(g

¢'(0) € Der(g)
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Adjoint Representation

Definition (Adjoint Representation)
Let x egand ady : g — g : ady(y) =[x, y]

Prop: ad[X}y] = [ady, ad, | ={> ady¢ Jiu(g) amcisaa 3
Prop: |ady = |J {ady} Lie-subalgebra of Der (g) Ajeon ewenax rus Tpanived
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Definition: Inner Derivations=ad, [og29]€ 2
Definition Outer Derivations= Det (g) \ad,
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Prop: { . } lady, 0] = —adj() ¢~ ¢ ideal of
0 € Der(g) { } | Der(g)
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Prop:

7 € Aut(g) & 7([x, y]) = [t(x), 7(y)] ~ ad,() = Toady 0 7| |ATKHZH 16
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Matrix Form of the adjoint representation

g=span(ey, €, ..., ) =Ce; +Ce + --- + Ce,

n
lei, ] = Z c,f ek, c,f ¢— structure constants
k=1
: | d
Antisymmetry: cg = —cj’f EPTALIA
Jacobi identity c,-”} cﬁT p cﬂcﬁ, it c,f”,-cf;, i= 0

4

et =e cg' ~ ee,=¢

_ sl
.ep =0,

P; € g[(g) ; ek.IP’,-ej = (P;)j-( C’.ljf ~

[P,’, I[Dj] = Z Cg ]Pk ~
k=1




Representations, Modules

V' F-vector space, u,v,... €V, a,f8,...€F

Representation (p, V)
g3 x— px) € gI(V)
Vov A p(x)v eV

p(x) Lie homomorphism

V=C" ~ p(x) € My(C) = gl(V) = gl(C, n)
W C V invariant (stable) subspace '
e p(g)W C W To Soued
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«~s (p, W) is submodule «~ (p, W) < (p, V) vd pepui BrreTeyheve:
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W invariant subspace of V «~ (p, W) < (p, V)
: . = uoliehtqnotlhﬂl)
(p, V)~ 3! |induced representation| (p, V /W) (9

p(gW Cc W = 3Flp(x): V/W — V/W
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— p(")l S 1pkx) e plx)om=mop(x)
Ay
V—V/W

Kerp=Cy(g) ={x€g: p(x)V ={0}} is an ideal ~

J

Kerad = C,q(g) = Z(g)= center of g
/ 4 th " —~ ¢ (%)

v p=2d e Ko QG- {o}rsxc C (g)
& C:S\Q'A\ -Z(a\ & Cckﬁhm V)V %al/\) € \M(J

8§ 2d¢,=0 S e(Cp)-0
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